Some models of inelastic dark matter posit the existence of bound states under some new U (1) gauge symmetry. If this new dark photon kinetically mixes with the standard model photon, then the constituent particles in these bound states can acquire a fractional electric charge. This electric charge renders a dark-matter medium dispersive. We compute this frequency-dependent index of refraction for such a medium and use the frequency-dependent arrival time of light from astrophysical sources to constrain the properties of dark atoms in the medium. Using opticalwavelength observations from the Crab Pulsar, we find the electric millicharge of dark (electrons) protons to be smaller than the electric charge e for dark atom masses below 100 keV, assuming a dark fine structure constant α = 1. We estimate that future broadband observations of gamma-ray bursts can produce constraints on the millicharge of dark atoms with masses in the keV range that are competitive with existing collider constraints.
I. INTRODUCTION
define the reduced mass m := m e m p /(m e + m p ). The relative momentum of the system is p := mṙ = (m p p e − m e p p )/(m e + m p ). From these, we construct the Hamiltonian H 0 := −∇ 2 /(2m) + V (r), which yields the usual hydrogenic eigenstates ψ n, and energy spectrum E n = −α 2 m/(2n 2 ) for quantum numbers n = 1, 2, . . . , and | | ≤ n. For large values of the dark fine structure constant α ∼ O(1), the fine structure will introduce significant corrections to the energy levels, and hyperfine structure will become relevant if m e ∼ m p .
We will not consider these corrections in what follows.
Classically, a linear dielectric medium, such as a dilute gas of dark atoms, will acquire a polarization when subjected to an external electric field. The degree of polarization, or dipole moment per unit volume, can be characterized through the electric susceptibility P = χ e E.
From the susceptibility, we can compute the medium's index of refraction n = √ 1 + χ e . To compute the susceptibility of a dark-atom medium, we follow the semiclassical treatment in
Ref. [22] in which a classical electromagnetic wave of frequency ω interacts with the quantum mechanical electric dipole moment of the dark atom p p p := − er. In the long wavelength limit,
0 , the spatial variation of the electric field is irrelevant, and we incorporate interactions between the wave and the dark atom by including in the Hamiltonian the timedependent perturbation H = −p p p · E 0 cos ωt.
The electromagnetic wave can induce transitions between dark atomic energy states. We argue that the bulk of the dark atoms exist in the ground state. There are three main mechanisms by which the atoms can be excited beyond the ground state: dark atom selfinteractions, absorption of dark photons, or absorption of SM photons. The existence of elliptical DM halos severely constrains the DM self-interaction cross section; from the limits in Ref. [31] , we find that the ratio of the DM self interaction to the dark atom's mass must be σ/m H < 0.02 cm 2 /g. These limits can be satisfied either through tuning the model parameters or dilution of the dark atom component of DM. For models which satisfy this constraint, we can estimate the mean free time between collisions for dark atoms in the Milky Way's galactic halo. The mean free path can be estimated as λ ∼ (σN ) −1 where N the number density of dark atoms; the number density is related to the DM mass density via N = ρ/m H . Then the time between collisions is t fp ∼ λ/v = m H /(σρv). Taking as typical parameters the local dark matter density ρ ∼ 0.3 GeV/cm 3 and v ∼ 200 km/s, we find t fp 5 × 10 18 s; i.e., they are non-interacting. Dark-atom absorption of dark photons also produce excited states. The greatest energy density of dark radiation is found in the dark analog of the cosmic microwave background (CMB). Viable models require the dark radiation to be slightly cooler than the CMB [32] , so these dark photons will not have sufficient energy to excite the dark atoms. All that remains is the interaction with SM electromagnetic waves, which we discuss below.
We consider a dark atom in its ground state which can be excited by SM photons. We restrict our study to a two-state system, limiting the electromagnetic wave frequency to 
where p p p 21 := ψ 2 |p p p|ψ 1 and Γ = 3 8 α 5 m, adapted from atomic hydrogen [22] .
We solve perturbatively for the coefficients c j (t) = c 
The induced dipole moment for Ψ is thus
We note that the polarization P (t) will be the product of the average induced dipole moment in the direction of E 0 and the number density N . Averaging over the relative orientation between r 12 and E 0 , the susceptibility is
Given that the DM medium is weakly interacting and dilute, χ e is nearly zero. As such we can approximate the index of refraction as n ≈ 1 + 1 2 χ e . For frequencies below the transition energy ω < ω 0 , the index of refraction exhibits normal dispersion; that is, n(ω) increases with ω. In fact, for ω ω 0 , the dispersion is quadratic in frequency
neglecting the small term proportional to Γ 2 .
III. LIMITS FROM THE CRAB PULSAR
As a broadband pulse of electromagnetic radiation travels through a dispersive medium, the pulse shape spatially broadens since the phase speed of each component wave is frequency dependent. For a medium which is normally dispersive, higher frequency components of the pulse will lag the lower frequency components. Over large distances, a time lag can accrue between these two components. For a dispersive medium of atomic DM, the time lag between simultaneously emitted waves of frequency ω hi and ω lo traveling over a baseline is
assuming ω hi ω 0 .
The frequency dependence of the speed of light has been severely constrained in the optical spectrum from the observation of radiation coming from the Crab Pulsar. The phase difference between 0.35 and 0.55 µm radiation was determined to be less than 10 µs [33] . Since the pulsar is 2 kpc from the Earth, this provides a stringent limit on the ratio τ / ≈ 5×10 −17 . We will assume that the entirety of dark matter in the galactic halo is atomic DM, and to yield the most conservative constraints on the properties of dark atoms, we will assume that any dispersive effects suffered by light are due exclusively to the dispersion from atomic DM. Since our limits are only valid for ω ω 0 , the high frequency observation places bounds on the product of the dark fine-structure constant and the system's reduced mass
ω hi = 9.5 eV. We will assume the local DM mass density to be ρ = 0.3 GeV/cm 3 , and then the DM number density is N = ρ/m H where
The most severe constraints on the properties of the dark atoms will come from photons whose energies are close to the transition energy, i.e., ω hi ∼ ω 0 . In the case of the Crab Pulsar, we have ω hi = 3.5 eV, which limits the product α 2 m to be on the order of tens of electronvolts. For α = 1, the most massive dark atom that we can meaningfully constrain has a dark proton mass m p = 1.0 MeV; then for a dark electron mass of 9.5 eV, the electric millicharge of these particles satisfies < 0.84. For smaller dark proton masses, there is a broader range of dark electron masses that leads to meaningful constraints on the millicharge, The dark atomic masses constrained by dispersion are much smaller than those of the dark matter candidates in Ref. [17] , ∼ 6 GeV, and Ref. [19] , ∼ 650 GeV. Indeed, the region of parameter space which we exclude is already ruled out by the self-interaction limits found in Ref. [31] . Furthermore, stringent limits on the existence of millicharge particles, cf. Refs. [34, 35] , would rule out the dark protons and electrons constrained by our dispersion limits.
IV. POTENTIAL LIMITS FROM GRBS
Observations of the Crab pulsar place severe constraints upon the dispersive nature of the interstellar medium in the Milky Way, yet these constraints are only relevant for a narrow band of the electromagnetic spectrum. Even more severe constraints can be derived from distant sources like gamma ray bursts (GRBs), and these constraints span a much broader spectral range. GRBs produce an intense burst of high-energy photons on a short time scale which can be viewed over cosmological distances, increasing the effective baseline, in Eq. (6), between the source and observer. The high-energy photons from GRBs, upwards of 100 GeV, have the potential to constrain composite millicharged dark matter of greater mass, and the associated optical, infrared, and radio afterglow allow for their use in broadband observations. The high energy photons from distant GRBs have already been used to place lower bounds on the scale at which Lorentz-invariance violating effects could modify the photon's dispersion relation [36] [37] [38] [39] [40] [41] [42] [43] [44] . Along similar lines, we will consider how the (non-)observation of dispersion, attributable to dark matter, impacts the properties of composite dark matter.
Relative to the Crab pulsar, using GRBs for dispersion studies has two drawbacks: the intergalactic DM density is much smaller and the temporal profile of the source is not known. With regards to the DM density, the Crab pulsar is within the Milky Way where the dark matter halo density is relatively large. For distant GRBs, the average DM density is
, a factor of 10 5 smaller than our local density. In terms of timing resolution, the pulsar is well suited for dispersion studies because its regular rotational period means the temporal profile of light emitted from these objects is well known. GRBs do not share this feature; the spectra of the bursts [45] and their lower frequency afterglows [46] [47] [48] are varied. Since dispersion measurements rely on temporal knowledge of the emission spectra, a single GRB event cannot yet be used to constrain DM properties. But with a large number of GRB observations located at a variety of redshifts, it is expected that, statistically, random variations amongst the sources should wash out, and any real effects that indicate dispersion should survive. The Fermi Gamma-Ray Space Telescope [49] is dedicated to the task of gamma-ray observations, so that in the future, a sufficient number of GRBs may be used to provide meaningful constraints. Despite the present dearth of data, we will estimate the possible reach of such a study based upon the observation of a single burst.
Since GRBs can be viewed at cosmological distances, the frequency-dependent time-lag accrued by simultaneously emitted pulses of light traveling through a dispersive medium of dark atoms requires modification due to the universe's expansion [40] . First, the light-travel time between source and detector is dependent upon the redshift of the source and the local expansion rate. Second, at redshift z the number density of dark matter increases by a factor of (1 + z) 3 . Finally, as we look into the past, the wavelength of light blue shifts relative to its value ω at the detector (at z = 0). Incorporating these three factors, the time lag accrued between (detected) frequencies ω hi and ω lo simultaneously emitted from a source at redshift z becomes
where N is the present-day DM number density and the Hubble expansion rate at redshift
The cosmological parameters determined through the combined analysis of WMAP nine-year data in the ΛCDM model with distance measurements from Type Ia supernovae (SNe) and with baryon acoustic oscillation information from the distribution of galaxies can be found in Ref. [3] . The Hubble constant today is −0.0096 [3] . The maximum reach for idealized GRB constraints are derived from observations of the most distant events. There have been two GRB observations with confirmed redshift z > 8:
GRB 090423 with z = 8.3 [50] and GRB 090429B with z = 9.4 [51] . We will use as our exemplar the observation of GRB 090423 because, in addition to the burst detection, the afterglow was observed down through the radio band [52] . The strength of the pulsar constraint relied on the fact that the detector's temporal resolution was ∼ 10µs. This same resolution is possible for the Fermi Large Area Telescope which detects gamma rays from 20 MeV up to 300 GeV [49] ; however, this resolution is likely not possible for the variety of ground based telescopes which observe the GRB afterglows. For example, the integration times for the ground-based Gamma-Ray Burst Optical and Near-Infrared Detector are on the order of tens to hundreds of seconds [53] . Longer integration time weakens the ability to constrain dispersion for large values of the dark fine-structure constant α, but meaningful constraints are realizable in the radio band. We estimate such constraints for GRB 090423 for a small value of α.
The most competitive limits arise whenever the observed high-frequency photons are near the threshold energy ω hi ∼ ω 0 ; however, we must be mindful that the wavelength blueshifts as we look into the past. In order to not surpass the threshold energy at redshift z, we must limit the measured high frequency photons to ω hi ∼ (1 + z) −1 ω 0 . Assuming this, along with a large separation between high and low frequency bands ω hi ω lo , we find limits on the electric millicharge of the dark electron to be
Consulting Ref. [52] , we find that the location of GRB090423 was observed by several radio telescopes but detection of the afterglow was only confirmed by the Plateau de Bure Interferometer [54] (at 100 GHz) and the Very Large Array (VLA) [52] (at 8.46 GHz). These detections were separated by eight days, so they cannot provide a meaningful constraint.
What is needed is near simultaneous multi-band detection of the GRB; at best, we can make a reasonable estimate of the reach of such a detection. We suppose that a high frequency observation is made by the VLA at 8.46 GHz while a lower frequency observation is made by another telescope. Typical integration times for these telescopes are on the order of tens of minutes, but for our purposes, we suppose a somewhat optimistic integration time of 100 s. Then, if the detection of the GRB can be established at 8.46 GHz and a lower frequency within this 100 s window, we find that this measurement could constrain the electric millicharge of a dark atom with masses m e = m p = 1 keV and α = 5 × 10 −4 to be
This estimate is competitive with terrestrial constraints on the existence of millicharged particles derived from colliders. For particle masses below 200 MeV, the SLAC electron beam-dump experiment [55, 56] limits the particle's millicharge to be ≤ 3 × 10 −4 [57] . On the other hand, millicharged particles with masses in the keV range would disrupt big-bang nucleosynthesis in the early universe; constraints upon the light degrees of freedom would preclude the existence of these millicharged particles [57] . experiments. In some models, the dark photon mixes with the standard model photon resulting in electric millicharges for the particles in the dark sector. This interaction with the SM photon results in non-trivial optical properties for a dark-matter medium. We computed the electric susceptibility of a medium of dark atoms and determined that such a medium is dispersive. The dispersion can result in time lags between simultaneously emitted pulses of light of differing frequencies.
Using stringent limits on the (optical) frequency dependence of the speed of light from the Crab Pulsar, we are able to constrain the properties of a dark matter medium consisting of dark atoms. For a dark fine structure constant α = 1, we find that we can limit the electric millicharge of dark (electrons) protons to be less than the SM proton charge, | | ≤ 1, for dark atom masses below 100 keV. Millicharged particles in this mass range have been ruled out by collider searches and interact too strongly to be consistent with the dark matter haloes of elliptical galaxies. GRBs yield more stringent constraints on the dispersion of the cosmos. Given their brightness and broad spectral range, these objects are promising sources by which we can constrain millicharged atomic dark matter. We estimate that observations of the radio afterglow could result in constraints on the electric millicharge of the dark electron and proton for masses in the keV range that are competitive with collider constraints; however, big-bang nucleosynthesis would rule out the existence of these light particles in the early universe.
The technique that we develop in this work, namely that cosmic dispersion can constrain dark atomic properties, is applicable to other models of composite dark matter that have millicharged constituents. At present, we know of no other models of composite dark matter with millicharged constituents. Likely, this is due to parsimony; i.e., the composite system is bound under some broken gauge group so that charged constituents under a new U (1) gauge group would be superfluous. However, the dark sector could be as complex as the Standard Model sector, and the constituents of the composite dark matter could indeed couple to dark photons, opening the possibility that they acquire an electric millicharge. If this is the case, then dispersive constraints would impact the parameters of the composite dark matter model.
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